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Gauge invariance and radiative corrections in an extra dimensional theory
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The gauge structure of the four dimensional effective theory originated in a pure five dimensional
Yang-Mills theory compactified on the orbifold S1/Z2, is discussed on the basis of the BRST sym-
metry. If gauge parameters propagate in the bulk, the excited Kaluza-Klein (KK) modes are gauge
fields and the four dimensional theory is gauge invariant only if the compactification is carried out
by using curvatures as fundamental objects. The four dimensional theory is governed by two types
of gauge transformations, one determined by the KK zero modes of the gauge parameters and the
other by the excited ones. Within this context, a gauge-fixing procedure to quantize the KK modes
that is covariant under the first type of gauge transformations is shown and the ghost sector induced
by the gauge-fixing functions is presented. If the gauge parameters are confined to the usual four
dimensional space–time, the known result in the literature is reproduced with some minor variants,
although it is emphasized that the excited KK modes are not gauge fields, but matter fields trans-
forming under the adjoint representation of SU4(N). A calculation of the one-loop contributions of
the excited KK modes of the SUL(2) gauge group on the off-shell W
+W−V , with V a photon or
a Z boson, is exhibited. Such contributions are free of ultraviolet divergences and well–behaved at
high energies.
PACS numbers:
I. A GENERAL IDEA
Standard Model (SM) extensions with TeV−1-sized extra dimensions [1] involve at least three key scales, the first
of which is the electroweak scale, at 246GeV, where spontaneous symmetry breaking takes place. Another main scale
is the compactification one, whose size should be smaller than the current experimental sensitivity in order to make
this sort of models phenomenologically consistent. Finally, the third scale is beyond the former ones, and there the
physics should drastically change. Such asseverations suggest that any generalization of the SM to a given version
with TeV−1-sized extra dimensions is, from the commencement, an effective theory defined in a larger space–time
manifold. A symptom of such a non–fundamental behavior is the fact that coupling constants in extra dimensional
models have dimensions, which implies that these models are nonrenormalizable. When one compactifies the extra
dimensions and integrates them, one obtains a four dimensionsal (4D) effective theory where the dynamic variables are
the so-called KK modes, which are infinite in number. In the 4D space–time the coupling constants are dimensionless,
but the nonrenormalizable nature of the extra dimensional model is however inherited at the four dimensional level
and manifests itself through the infinite KK towers. In connection with that, it has been proven [2] that, in the case
of one universal extra dimension, one-loop level effects are insensitive to the new physics scale and, in fact, the KK
sums of the radiative corrections are convergent. By contrast, for two or more universal extra dimensions [2] the loop
effects are highly sensitive to the cut-off imposed by the fundamental scale, and the KK sums are rather divergent.
In this paper we shall start with a five dimensional (5D) Yang-Mills theory, and shall discuss a route to obtain a
theory properly quantized at the 4D level. In order to reach such a goal, the fifth dimension shall be compactified
on the orbifold S1/Z2 and then the extra coordinate shall be integrated in the action. By following this path, a 4D
effective theory is obtained. Such a theory is constituted by the ordinary 4D Yang-Mills theory and other couplings
among light gauge bosons and heavy ones. This 4D theory possesses an interesting gauge structure [3], which we
shall discuss. We shall brefly comment on the employment of the Becchi-Rouet-Stora-Tyutin (BRST) formalism [4]
to quantize this 4D effective theory. The quantum action so obtained can be utilized to perform radiative corrections
on light Green functions. In particular, we shall exhibit the one-loop KK contributions to the W+W−V vertex. Such
contributions are well behaved [5] and consistent with previous results reported in the literature. In fact, a comparison
of such effects with the tree-level contributions of higher canonical dimension operators shows [5] that the former are
dominant over the latter, as was already claimed in the case of one universal extra dimension [2].
2II. THE GAUGE STRUCTURE OF THE 4D EFFECTIVE THEORY
We consider a 5D space-time manifold with a flat metric diag(1,−1,−1,−1,−1), where we define the SU5(N)-
invariant Lagrangian
L5YM = −1
4
FaMN (x, y)FaMN (x, y), (1)
with x labeling the ordinary four dimensional space-time coordinates, while y is the coordinate for the fifth dimension.
Capital letters indices run over 0, 1, 2, 3, 5, and greek indices shall refer to the usual four-dimensional space-time.
The 5D dynamic variables in Eq.(1) are the vector bosons (Aaµ(x, y),Aa5(x, y)), which compose the 5D curvatures
FaMN (x, y) = ∂MAaN (x, y)− ∂NAaM (x, y) + g5fabcAbM (x, y)AcN (x, y). (2)
Here, g5 is the 5D coupling constant, which has dimensions of (mass)
−1/2. This Lagrangian is invariant under the set
of gauge transformations
δAaM = DabMαb, (3)
which are defined by the gauge parameters αb. As we shall comment below, these parameters are crucial objects when
deriving the 4D effective Lagrangian, as they determine two essentially different scenarios [3]. One of them occurs
when the gauge parameters propagate in the fifth dimension, whereas the other is defined by gauge parameters that
do not depend on the fifth dimension. If the extra dimension is compactified on the orbifold S1/Z2 with radius R and
the gauge parameters depend on the extra dimension, such parameters can be expanded in Fourier series as
αa(x, y) =
1√
2πR
α(0)a(x) +
∞∑
n=1
1√
πR
α(n)a(x) cos
(ny
R
)
. (4)
In extra dimensional models, the zero-modes of the fields are identified with the light fields corresponding to the
already known particles in the 4D space–time, while the excited KK modes are heavy new fields. By virtue of this,
one should expect the zero-mode gauge parameters to define the standard gauge transformations (SGT) of the 4D
Yang-Mills theory. On the other hand, the excited KK gauge parameters should define a different set transformations
that we call nonstandard gauge transformations (NSGT). We shall see that under such circumstances all the zero-mode
fields are gauge fields, and that some KK excited modes fields are also gauge fields. By contrast, if gauge parameters
do not propagate in the extra dimension, these parameters cannot be Fourier–expanded, which in turn implies that
they remain the same before and after compactification. This suggests that in four dimensions there must be only
SGT.
As there are two scenarios, one should be able to derive two different 4D effective Lagrangians. In the case of gauge
parameters propagating in the extra dimension the Fourier expansions must be performed over the 5D curvatures [3],
Faµν(x, y) =
1√
2πR
F (0)aµν (x) +
∞∑
n=1
1√
πR
F (n)aµν (x) cos
(ny
R
)
, (5)
Faµ5(x, y) =
∞∑
n=1
1√
πR
F (n)aµ5 (x) sin
(ny
R
)
. (6)
This procedure contrasts with the path most commonly followed in the literature, where gauge fields are expanded
instead [6]. The lesson to learn is that expansion and integration of the extra dimension over covariant objects leads
to 4D covariant objects [3]. In the other scenario, where gauge parameters do not depend on the extra dimension,
the objects to expand and integrate over are the gauge fields [3].
A. First scenario: gauge parameters propagate in the extra dimension
We define the 4D Lagrangian
L4YM ≡
∫ 2piR
0
dyL5YM , (7)
3and insert the expansions shown in Eqs.(5,6) into it, which results in [3]
L4YM = −1
4
(
F (0)aµν F (0)aµν + F (m)aµν F (m)aµν + 2F (m)aµ5 F (m)aµ5
)
, (8)
where repeated indices, including the mode ones, denote a sum. This convention shall be followed during the rest of
the paper. This 4D Lagrangian has an elegant structure, for it is constituted exclusively by objects that resemble the
Yang-Mills curvature. In fact, the precise form of the curvatures F (0)aµν , F (m)aµν and F (m)aµ5 can be straightforwardly
determined [3]. A crucial feature of the 4D Lagrangian, Eq.(8), is that it is invariant under the SGT [3]
δA(0)aµ = D(0)abµ α(0)b, (9)
δA(m)aµ = gf
abcA(m)bµ α
(0)c (10)
δA
(m)a
5 = gf
abcA
(m)b
5 α
(0)c, (11)
as well as under the NSGT [3]
δA(0)aµ = gf
abcA(m)bµ α
(m)c, (12)
δA(m)aµ = D(mn)abµ α(n)b, (13)
δA
(m)a
5 = D(mn)ab5 α(nb), (14)
where D(0)abµ is the ordinary 4D Yang–Mills covariant derivative, D(mn)abµ is a sort of covariant derivative, given by [3]
D(mn)abµ = δmnD(0)abµ − gfabc∆mrnA(r)cµ , (15)
and D(mn)ab5 is [3] an object that does not involve derivatives. The factors ∆mrn in the covariant drerivative Eq.(15)
are sums of Kronecker deltas and their precise form is not important for the present discussion. These sets of gauge
transformations can be derived at least by means of three different methods [3]: Fourier analysis, the Dirac’s method [7]
toghether with the Castellani’s formalism [8], and the BRST formalism [9]. Note that the zero–modes A
(0)a
µ are gauge
fields under the SGT, but under the NSGT they change in a way that resembles a transformation in the adjoint
representation, although in this case there is a mixing of KK modes. On the other hand, the excited modes A
(m)a
µ are
matter fields under the SGT, but gauge fields under the NSGT. Finally, the scalar fields A
(n)a
5 are pseudo-Goldstone
bosons, as they can be eliminated from the theory [3] by performing a nonstandard gauge transformation with gauge
parameters α(n)a = (R/n)A
(n)a
5 . Concerning the Dirac’s method, the only fields that generate constraints are A
(0)a
µ
and A
(n)a
µ , and such constraints are all first class, which implies that these fields are gauge fields, a feature that is
consistent with the form of transformations (9–14). It is worth emphasizing that the 4D curvatures F (0)aµν , F (m)aµν and
F (m)aµ5 transform covariantly [3] under the SGT and the NSGT.
B. Second scenario: gauge parameters do not propagate in the extra dimension
If gauge parameters are not allowed to propagate in the extra dimension, they remain the same after compactification
and integration of the extra dimension, and instead of an infinite number of them at the 4D level, there are only
N2 − 1 gauge parameters in four dimensions. With this in mind, one should only expect SGT-invariance after the
fifth dimension is compactified and intagrated. In this case, the objects to expand in Fourier series are the gauge
fields instead of the curvatures [3]. After compactifying and integrating the fifth dimension, one obtains the 4D
Lagrangian [3]
Lˆ4YM ≡
∫ 2piR
0
dyL5YM = L4YM +∆L. (16)
Here, the L4YM Lagrangian is the one exhibited in Eq.(8), which was obtained within the context of the first scenario.
The term ∆L is hence a difference between the Lagrangians derived in the two scenarios, and it is given by [3]
∆L = −1
4
g2fabcfade
(
∆rnpqA(n)cν A
(q)eν −∆′rnpqA(n)c5 A(q)e5
)
A(r)bµ A
(p)dµ, (17)
4where the factors ∆rnpq and ∆′rnpq are sums and differences of Kronecker deltas. The Lˆ4YM Lagrangian is invariant
under the SGT, Eqs.(9,10,11), but not under the NSGT, Eqs.(12,13,14), consistently with the fact that there are
no KK excitations for the gauge parameters that define the latter sort of gauge transformations. In this scenario
the nature of the fields involved in the 4D theory is quite different from the one found in the first scenario, as the
zero-mode fields, A
(0)a
µ , are still gauge fields, but the vector KK excited modes, A
(m)a
µ , are matter fields and are not
gauge fields. An important difference among the two scenarios is that, in this second context, the scalar KK fields,
A
(n)a
5 , are not Pseudo-Goldstone bosons, but matter fields, which cannot be removed from the theory [3]. The last
comment concerning this scenario is that the Dirac’s method leads [3], under these circumstances, to first class as well
as second class constraints, suggesting that there are matter fields, which is in agreement with the above discussion.
III. QUANTIZATION
Through this section, the quantization of the 4D effective theory, in the context of the first scenario, will be briefly
discussed. Such a quantization, which is based on the BRST formalism [9], leads [3] to the most general Faddeev-
Popov ghost sector. An interesting feature of this quantization scheme is that the quantization of the zero-modes
and the excited ones can be performed independently of each other [3]. As we are mainly interested in the one-loop
contributions to light Green functions with KK excited modes, exclusively, inside the loops [5], we shall quantize only
the KK excitations, leaving gauge invariance with respect to the SGT, but removing the degeneracy associated with
the NSGT. This does not mean that the invariance under the SGT cannot be eliminated. In fact, the gauge with
respect to such transformations can be fixed as in the ordinary Yang-Mills theory or by a nonstandard quantization
scheme, such as the background field method [10].
According to the BRST formalism [9], one starts with a configuration space that comprehends the ghost fields from
the beginning. Such ghost fields coincide with the gauge parameters, although they have opposite statistics. As a
next step, the configuration space is enriched by the introduction of an antifield per each field of the theory. Also
a set of auxiliary fields is inserted. In this larger configuration space a symplectic structure, called the antibracket,
is defined and the master equation imposed. Then a proper solution to the master equation must be obtained.
Particularly, the solution to the master equation in the case of the ordinary 4D Yang-Mills theory is already known,
and its generalization to the 5D version is straightforward. The obtainment of the proper solution for the 4D effective
theory can be accomplished [3] by compactifying the extra dimension and performing a Fourier analysis on the 5D
proper solution. As mentioned above, one can introduce a gauge-fixing procedure that maintains gauge invariance
under the SGT. Such a procedure depends crucially on the employing of an appropriate set of gauge-fixing functions,
which shall appear later in the quantized version of the Lagrangian and shall impact directly on the structure of the
Faddeev-Popov ghost term. The following SGT–covariant set of gauge-fixing functions is introduced [3]:
f (m)a = D(0)baµ A(m)bµ − ξ
m
R
A
(m)a
5 . (18)
These functions are rather similar to other introduced [11] some years ago, in the context of the so-called 331 model [12].
Once the proper solution to the master equation of the effective 4D theory is known, one can derive [3] the gauge-fixed
action and consequently the effective Lagrangian
Leff = L4YM + LGF + LFPG. (19)
This expression comprehends some very important results, such as the Lagrangian L4YM, which was shown in Eq.(8).
The second term is the gauge-fixing part, LGF, which is consituted by the gauge-fixing functions, Eq.(18), and is given
by
LGF = − 1
2ξ
f (m)af (m)a. (20)
where ξ is the gauge parameter. The last part, LFPG, is the most general Faddeev-Popov ghost term, as it includes
up to quartic ghost couplings. Its precise expression is [3]
LFPG = C¯(m)c
(
∂f (m)c
∂A
(n)a
µ
D(nr)abµ − ∂f
(m)c
∂A
(n)a
5
D(nr)ab5
)
C(r)b − 1
ξ
gfabc∆mrnf (m)aC¯(r)bC(n)c
+
1
2
g2fabcf cde∆mpqC¯(p)dC¯(q)e
(
C(0)bC(m)a + C(0)aC(m)b +∆mrnC(r)bC(n)a
)
, (21)
with C(n)b and C¯(n)b denoting the ghost and antighost fields, respectively. The effective Lagrangian, Eq.(19), contains
all the couplings among light and heavy fields, which are crucial pieces to perform radiative corrections on light Green
functions.
5IV. RADIATIVE CORRECTIONS: THE W+W−V VERTEX
The principal prediction of extra dimensional models is the existence of new particles, which correspond to the KK
excited modes. If there is enough energy available at the Large Hadron Collider, the lightest of such new particles
could be directly produced there. However, if no signals are observed in that collider, the International Linear Collider
could detect the KK excited modes through their virtual effects on low energy observables. In connection with that,
an interesting process is the W+W− production, which could be studied at the one-loop level by inserting KK excited
modes into the loops of the lightW+W−V vertex, with V an off–shell photon or Z boson. It is worth mentioning that
the one–loop contributions involving KK excited modes, exclusively, to any light Green function are [3] renormalizable,
as, under such circumstances, the only divergencies that arise are those already present in the standard Yang-Mills
theory and can therefore be [3] absorbed by the parameters of the light theory.
Consider the one-loop correction to theW+W−V vertex at the one-loop level. Suppose that the loops are formed by
KK excited virtual fields, exclusively, and that V is off–shell. The calculation of this vertex leads [5] to the well-known
parametrization [13] of such an interaction, at the one-loop level, when only CP-even quantities are involved. In this
case, there arise three form factors, given by [5]
A =
g2
96π2(4xW − 1)3
∞∑
n=1
(−24xn(1− 4xW )2B0(1) + 48xW [5(xW − 1)xW + 4xn(4xW − 1)B0(2)
−6[−4xW (6x2W − 2xW + 3) + xn(64x2W − 4) + 1]B0(3) + 36Q2xW [−4x3W + 2x2W + xW
+4xn(xW − 1)(4xW − 1)]C0 − 4{1− 2xW [xW (20xW − 33) + 9]}) , (22)
∆κV =
g2
96π2(4xW − 1)3
∞∑
n=1
{48xn[B0(1)−B0(2)] + 12xW (26xW + 1)[B0(2)−B0(3)]
−384xnxW [B0(1)− 2B0(2) + B0(3)] + 768xnx2W [B0(1)− 3B0(2) + 2B0(3)]
−72Q2xW (x2W − 12xnxW + xW + 3xn)C0 + 12xW (4xW − 1)(8xW + 3)
}
, (23)
∆QV =
g2
96π2(4xW − 1)3
∞∑
n=1
{−1536xnx3W [B0(1)−B0(3)] + 96(xW − 2)x2W (6xW + 1)[B0(2)−B0(3)]
+768xnx
2
W [B0(1) +B0(2)− 2B0(3)]− 96xnxW [B0(1) + 2B0(2)− 3B0(3)]
+144Q2xW [4x
4
W − 4(4xn + 1)x3W + 2(6xn + 1)x2W − 6xnxW + xn]C0
−24xW (4xW − 1)[2xW (6xW − 1) + 1]} , (24)
where Q is the momentum of the off–shell neutral boson, xW ≡ m2W /Q2 and xn ≡ m2n/Q2, with mn = n/R,
n = 1, 2, 3, . . .. The following short–hand notation for the Passarino-Veltman scalar functions has been also introduced:
B0(1) ≡ B0(0,m2n,m2n), B0(2) ≡ B0(m2W ,m2n,m2n), B0(3) ≡ B0(Q2,m,nm2n) and C0 ≡ C0(m2W ,m2W , Q2,m2n,m2nm2n).
It is worth emphasizing that these form factors were calculated by employing the Feynman-’t Hooft gauge, as it has
shown to be an election that leads to well–behaved results in nonconventional quantization approaches such as the
background field method [10]. The form factors ∆κV and ∆QV are interesting as they define the magnetic dipole
moment and the electric quadrupole moment of the W boson. It is a remarkable feature of the form factors (23,24)
that they are free of UV divergencies [5]. Such an insensitivity to the cut–off scale is in agreement with the results
reported in the context of universal extra dimensions [2]. Altough these form factors are gauge dependent, it turns
out that [5] they are well behaved at high energies and decouple in the limit of a very large compactification scale. For
0.5TeV < R−1 < 1.0TeV, both ∆κV and ∆QV range [5] from approximately 10
−5 to 10−6, at best. The magnitude
of the form factors in this range of energies is of the same order than those generated by new gauge bosons in the
331 model [11]. For a size of the fifth dimension of R−1 ∼ 1TeV, the one-loop contribution of the KK modes to these
vertices is about one order of magnitude lower than the corresponding Standard Model radiative correction. If the
compactification scale is taken as R−1 ∼ 300TeV, as it was realized in the case of one universal extra dimension [2],
the magnitudes of ∆κV and ∆QV is [5] of O(10−4), which should be at the reach of the International Linear Collider.
6Consider the operator of higher canonical dimension
O = g5αW
M2S
ǫabc
3!
AaλρAaρνAcλν , (25)
where αW is an unknown parameter that can be determined in terms of fundamental constants if the theory lying
beyond the cut–off scale is known. Another ingredient of this operator is the cut–off scale, denoted by MS. In
connection with the form factors (22,23,24), this operator generates the term
gαW
M2S
ǫabc
3!
A
(0)a
λρ A
(0)bρνA(0)cλν , (26)
which produces tree-level corrections to theW+W−V vertex. The magnitude of such corrections for a compactification
scale ranging from 0.5TeV to 1.0TeV is [5] lower by an order of magnitude than the contributions introduced by the
one-loop corrections discussed in the last section.
V. CONCLUSIONS
The structure of the 4D effective Lagrangian that emerges from a 5D Yang-Mills theory after compactification and
integration of the extra dimension was discussed. It was emphasized that the election concerning whether the 5D
gauge parameters can propagate in the fifth dimension or not is a crucial step, as it defines two essentially different
contexts. If gauge parameters depend on the extra dimension there is an infinite number of KK excitations, for such
parameters, that determine an infinite number of gauge transformations, which can be divided into two types: the
standard gauge transformations and the nonstandard gauge transformations. It was asseverated that, in order to
obtain a Lagrangian that is invariant under both types of gauge transformations, the objects to Fourier-expand, after
compactification, are the curvatures, as such a procedure generates 4D covariant objects after the integration of the
fifth dimension. Contrastingly, if the 5D gauge parameters are not supposed to propagate in the fifth dimension, there
are only SGT at the 4D level and the Fourier expansions, allowed by the compactification of the extra dimension,
must be performed on the 5D gauge fields. The 4D effective Lagrangians defined by each of these approaches are quite
different. The quantization of the 4D effective theory within the first context (5D gauge parameters propagate in the
fifth dimension) was discussed on the basis of the BRST formalism, and a SGT–covariant gauge–fixing procedure was
introduced. The gauge–fixing functions defined within such an approach are similar to another scheme proposed some
years ago for the so-called 331 model. The quantized Lagrangian, which includes a SGT–invariant gauge–fixing term
and the most general ghost sector, was shown. From such an expression, the Lagrangian linking the light and heavy
physics can be extracted, which is crucial to perform one-loop corrections to light Green’s functions. It occurs that
the one-loop level radiative corrections to light Green’s functions are renormalizable, which is not necessarily true for
the case of higher order corrections. The one-loop corrections to the W+W−V vertex, involving only KK excitations
inside the loops, were calculated and three form factors emerged. The ones that define the CP–even electromagnetic
properties of the W boson are independent of the cut-off scale, well behaved at high energies and they decouple for
a large compactification scale. Their effects are dominant over those induced at the three–level by higher canonical
dimension operators, consistently with the results reported in the literature.
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